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Abstract 

Wc construct characteristic classes of smooth (Hamiltonian) fibra- 
tions as as fiber integrals of products of Pontriagin (or Chcrn) classes 
of vertical vector bundles over the total space of the universal fibration. 
We give explicit formulae of these fiber integrals for toric manifolds and 
get estimates of the dimension of the cohomology groups of classifying 
spaces. 
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1 Background 



1.1 Universal fibrations and characteristic classes 

Let G be a topological group for which the universal principal fibration 
G Eg Bq is locally trivial. Suppose G acts (smoothly) on a manifold 
M. Consider the associated bundle 



M 



Mg = Eg xgM^Bg. 



Any fibration M ^ P ^ B with structural group G and fiber M is obtained 
as a pullback of Mg for an appropriate map f : B ^ BG 



P = f*MG 



f 



■Kb 



B 



f 



Mg 



BG. 



A x-characteristic class of the G-fibration M ^ P ^ B \s a, cohomology 
class of the form f*x G H*{B), where x ^ H*{BG). 



1.2 Equi variant bundles 

A G-equivariant bundle ,^ — > M extends to a bundle such that 

the following diagram commutes 

C — ^ ic > Bg 

Id 

M — ^ Mg > Bg- 
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More precisely, S,G = {S, ^ Eg)/G and = where i : M ^ Mq is an 
inclusion of the fiber. A particularly simple case is when ^ = TM is the 
tangent bundle of M, and the G action is smooth. Then we call TMq the 
vertical bundle of the fibration Mq — Bq. 

We will need additional structures in these extended bundles, the most 
important being complex structure. If G acts on a vector bundle preserving 
a complex structure J, then admits a complex structure. We can relax 
somewhat invariance condition of J with respect to G and still obtain a 
complex structure in ^g- 



Proposition 1.2.1 Let ^ ^ M he a G-equivariant real vector bundle. Sup- 
pose that there exists a contractible G-invariant set J of complex structures 
in ^. Then there exists a complex structure Jq in whose restriction to 
each fiber is homotopic to any J £ J. In particular, i*Ck{^G-, Jg) = Ck{(,, J), 
for Jej. 



Proof: Consider the map ^ x Eq x J ^ M x Eg x J. This is clearly 
equivariant with respect to the G action, and thus defines a projection of a 
bundle 

^^ = ^xEgx J/G ^ M xEgx jig. 

Since J is contractible, the base is homotopy equivalent to Mq and 
is essentially that is it is a pullback by the inverse of the homotopy 
equivalence Eg x J /G ^ Eg/G. The bundle i x J ^ M x J admits a 
tautological complex structure J: 

J{m,j)iy) = J{m){v), 

which is G-equivariant and thus define a complex structure in ^q. Pulling 
it back we obtain a required complex structure in ^q. 

QED 



Proposition 1.2.1 is of very general nature and should have many variants 
for groups acting on vector bundles and preserving geometric structures. 
The motivating example for the Proposition |1.2.1| comes from symplectic 
geometry. It is a remark of fundamental importance, due to Gromov, that 
the set of complex structures J tamed by a symplectic form uj (i.e. such 
that a;( Jo, o) is positive definite symmetric form) is contractible. It consists 
of sections of the bundle over M, which is associated to the frame bundle 
and has a contractible fiber Sp{2n;R)/U{n). 
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2 Characteristic classes from fiber integrals 



Recall that for any fibration M ^ P ^ B, where M is oriented m- 
dimensional compact manifold, there is a homomorphism of i?*(i?)-modules 

TT, : H*{P) ^ H*~"'{B) 

called fiber integration [| (see [AB],[GS Chapter 10] for detailed descrip- 
tion). Although fiber integration behaves badly with respect to the cup 
product, it has useful properties. The most important to us is its naturality. 

Let M ^ P B he a. fibration with m-dimensional fiber and let be 
given its pullback 

f*P — p 
B' — ^ B. 

Then the naturality of fiber integration means that the following diagram 
commutes 

H*{f*P) H*{P) 



H*-'^{B') ^ H*-"'{B). 

We use fiber integration to construct characteristic classes of G-bundles 
from characteristic classes of ^c-bundles. This construction has several vari- 
ants depending on the structure of which we describe below. The simple 
characteristic classes on Mq become fairly involved when pushed down. This 
of course agrees with the general philosophy of reduction. 

2.1 The Pontriagin classes 

Let G = Diff{M) and suppose ^ is a G-equivariant vector bundle. For 
example, ^ might be the tangent bundle. Take (^g ~^ and a monomial 
in Pontriagin classes pi{^g) '■= Ph {(.g) U ■ ■ ■ Upj^ (Cg)- Then integrate it over 
the fiber of the fibration M Mq — > Bq, to obtain classes vr^(p/(CG)) S 
H*[Bg)- This is depicted in the following diagram where /g^, : Mq — > Bq(^^^ 
is a classifying map and the curved arrow is the composition. 

^In case when M is not compact tt* is defined on cohomology with compact support. 
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2.2 The Pontriagin and the Euler classes 

If G C Diff{M) acts on an oriented bundle preserving the orientation 
then we can also consider the Euler class of ^. Integrating monomials in 
the Euler and Pontriagin classes along the fiber we get elements in H*{Bg)- 
Again, if ^ is the tangent bundle of an oriented manifold M then we obtain 
an information about the cohomology of the classifying space of the group 
of orientation preserving diffeomorphisms. 

For an orientable 2-dimensional manifold M the classes 'K^{eu{TMG)^) 
are the, so called, Miller-Morita-Mumford classes and have been extensively 



studied jMcl ]. 



2.3 The Chern classes 

Let G C Diff{M). Suppose now that ^ is an G-equivariant vector bundle 
over M admitting a family of complex structures as in Proposition |1.2.1| . 
Consider a monomial in the Chern classes c/ := Ci-^iCc) U • • • U Ci^(^G)) and 
obtain classes ■7r^(c/) G H*{Bg)- If ^ is a tangent bundle of a symplectic 
manifold (M, uj), G = Symp{M, iv) and J is the set of tamed almost complex 
structures, then we get characteristic classes of symplectic fibrations. 

2.4 Hamiltonian actions and coupling class 

It is also interesting to consider the group Ham{M, iv) C Symp{M, u) of 
Hamiltonian symplectomorphisms. Then an additional characteristic class, 
arises [GS, Section 9.5],[Po, page 70]: 

Definition 2.4.1 An element Q G H'^{MHam{M,u))) satisfying the following 
conditions: 

1. 7r,(f7"+i) = 

2. i*{n) = [uj]. 

is called the coupling class 
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Proposition 2.4.2 The coupling class is unique and it is equal to 

"-= = - (n + l)yoi(M..) '''--="">- 

where uj G H*{Mffg^jn(M,uj)) restricts to the class of symplectic form of the 
fiber (i.e. i*{uj) = [oj] G H*{M)) andVol{AI,uj) = fj[i^" is the symplectic 
volume of (M, to) . 



Proof: Since the universal fibration Muam{M,w) ~* BHam(M, uj) is Hamil- 
tonian, then there is a class uj G -ff^(Afj^am.(Af,a;)) which restricts to the class 
of symplectic form of the fiber [ MS1[ |. The class given by the above formula 



satisfies the conditions (1) of Definition 2.4.1| 



Since H\MHam(M,^)) = HHBHamiM,u.)) © H\M) |M|, then if there 



were another class Qi satisfying the definition then we would have Qi = 
O + 7r*a, for some a G H'^{Bfjam{M,uj)) and 

= 7r,(17"+i + (n + l)J7"7r*a + ...) 
= (n + l)a/0. 

QED 

Let G = Ham{M, w) be a the group of Hamiltonian symplectomor- 
phisms. Then integrating monomials in the Chern classes and the coupling 
class we obtain an information about -ff * (5//am(A/,a;) ) in the same way as in 
the previous constructions. It is worth noting that taking the coupling class 



into account is essential as we shall see in Section 3.1. 

Reznikov [ jReU has constructed characteristic classes of Hamiltonian fi- 
bration using the Chern- Weil theory. As remarked by McDuff in |Q the 
classes obtained by Reznikov are fiber integrals of powers of the coupling 
class. 



3 The setup for the computations 

We are interested in nonvanishing and independence of classes in 
{H*{BsympiM,uj)) or H*{BHam{M,uj)))- We study this question by pulhng 
these classes back to H*[Bh) using smooth (symplectic or Hamiltonian) 
actions of a compact Lie group H. Notice that it suffices to restrict to the 
case of torus actions, as H*{Bh) = H*{Bt)^ C H*{Bt), where T C H is 
a maximal torus and W is the Weyl group. 
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3.1 The detection function 

In the sequel the group G wih denote the group of Hamiltonian symplec- 
tomorphisms or the group of all diffeomorphisms of a symplectic manifold 
(M, a;) . It is worth of noting that we obtain more information if we take into 
account several torus actions. This is the reason for the following definition. 

Definition 3.1.1 Let fi'.T^Gc Diff{M), i = 1, ...,m be torus actions. 
We define the detection function by 

F:H*{Bg)^®T=i H*{Bt) 
F{a) := [Ma),...Jm{a)] 



We compute the image of the detection function on the fiber integrals of char- 
acteristic classes which allows to estimate the Betti numbers of i?Ham(M,a;) 
and -BDi//(M)- 

3.2 Localization formula 

Fiber integration for torus actions can be computed using the Atiyah-Bott- 



Berline-Vergne [A.B, BV 



7r*(a) 



E{vp) 



for a S H*{Mt)- Here P is a connected component of the set of fixed points, 
zp : P M is the inclusion, vrf : H*{Pt) = H*{Bt)®H*{P) H*{Bt) is 
fiber integration for the trivial action of T on P and E{up) is the equivariant 
Euler class of the normal bundle up to P in M. 

In fact the above formula describes the fiber integration between the 
localized rings (where the localization is in the ideal generated by the Euler 
classes of the normal bundles of the connected components of the fixed point 
set). We apply this to the elements of H*{Mt) due to the fact that the 
fiber integration commutes with the localization as depicted in the following 
diagram, where the right hand side column consists of localized rings: 



H*{Mj 



H*{Mt), 



H*{B'2 



H*{Bt), 
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3.3 Symplectic toric varieties, moment maps and Delzant 
polytopes 



Definition 3.3.1 A symplectic toric variety is a symplectic manifold 
(M^",u;) endowed with an effective Hamiltonian action of an n-dimensional 
torus T . 

Let a : G ^ Ham(M,Lo) be a Hamiltonian action of a Lie group G on 
a symplectic manifold M. Given X £ Lie{G) a fundamental vector field X 
on M is Hamiltonian, which means that 

i-j^ = —dHx, 

for some function Hx : M — s- K. This function, initially determined up to a 
constant, is chosen so that the map Lie{G) G°°{M) given by X — > Hx 
is a homomorphism of Lie algebras. The Lie algebra structure on functions 
is given by the Poisson bracket. 

Then one defines a moment map $ : M — > Lie{G)* by 



Hp){X) = Hx{p). 



It is a fundamental result of Atiyah, that for actions of tori the image of 
a moment map is a convex polytope A C (M")* = Lie{T^)* . Moreover A 
satisfies the following conditions: 

1. There are n edges meeting at each vertex ^3 € A (this means that A is 
a simple polytope). 

2. Every edge including p is of the form p + tvi, where Vi £ (Z")*. 

3. fi, u„ in (2) can be chosen to be a basis of (Z")*. 

Such polytope is called Delzant. Given a Delzant polytope A there is a 
symplectic manifold equipped with a Hamiltonian torus action such that the 
image of the moment map is exactly A [De],[G, Theorem 1.8]. It is useful 
to describe A by a system of inequalities of the form 

{x,Ui) > Xi, i- 1, fc, (3.1) 
where Ui € Z". The vectors Ui can be normalized by requiring them to be 



primitive. This normalization together with inequalities (3.1) determine Uj's 
uniquely. 

Notice that the vectors Ui may be thought as the inward pointing vectors 
normal to the faces of the Delzant polytope. The function which associate 
the vector Uj to the face Fi was defined in [pj|] (page 423) and called the 
characteristic function. 
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3.4 Equivariant cohomology of toric manifolds and the face 
ring 

Consider the universal fibration associated to a toric manifold M ^ Mt 
Bt- We are interested in the description of the homomorphism tt* : H*{Bt) — 
H*{Mt) induced by the projection in the universal fibration. By a result 
[pj| , the cohomology ring H*{Mt) is isomorphic to the face ring of the 
Delzant polytope 0. The face ring S'i(A) of a given n-dimensional sim- 
ple polytope A is defined to be a graded ring generated by the (n — 1)- 
dimensional faces -Fi, of A, all generators being of degree two, subject 

to the relations FiFj = iff n Fj = [S, Chapter II]. 

Remark 3.4.1 In the sense of the definition given in J^, our face ring is 
the face ring of the simplicial complex dual to A . 

Now we can identify the map vr* : H*{Bt) H*{Mt). Since H*{Bt) = 
R[Ti, ...,Tn] and H*{Mt) = S't(A) are generated by the elements of degree 
2, then it suffices to describe vr* on the second cohomology. With respect to 
the bases {Ti, r„} of H'^{Bt) and {Fi, F^} of H'^{Mt), vr* is given by 
the matrix [uij], where [un, ...,Uin] = Uj € Z" are the vectors normal to the 
faces of A pi. 



Next we describe the Chern classes of the vertical fibration TMj- (see 



Proposition 1.2.1) in terms of the face ring St{A) ]n 



Proposition 3.4.2 The Chern classes CiiTMr) G St{A) ^ H*{Mt) of the 
vertical fibration are given by the following formula: 

Ci{TMT)= Yl ^n-Fj.- 

l<ji<...<ji<k 

Proof: The idea of the proof is to show that the vertical bundle TMt 
is stably isomorphic as a complex bundle to the sum of line bundles, whose 
Chern classes are represented by the faces of the Delzant polytope. This 



was done by in |DJ] in the real case. The specific choice of orientations of 
the line bundles provides the isomorphism preserving complex structures. 

To be more precise, we associate a line bundle Mt to every face 

Fi of the Delzant polytope in the following way. The face Fj gives a vector 
[uii, ...,Uin] € Z" as described by the inequalities Since = then 

we obtain a character Xi '■ ~^ S^- Now the line bundle Li is defined as 

Li := (M X Etx C)/T, 

where the action of the torus on C is given by the character Xi- The choice 
of the inward pointing normal vectors to the faces of the Delzant polytope 

^Face rings are also sometimes called Stanley-Reisner or Stanley rings. 
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ensures that the sum of the hne bundles Li is stably isomorphic to TM^ as 
a complex bundle. 

QED 

Notice that, since the action is Hamiltonian, then we may ask also about 
the form of the coupling class in the face ring. 

Proposition 3.4.3 The coupling class Vt E St{A) is given by 

" = - E - („+l)Voi(M..) "'"-'- E ^'«)""')' 

where Aj € M are as in l\3. 1\). 



Proof: As we have observed in Section 2.4, the coupling class is given by 
the formula ( |2.lD . Thus we have to show that the class — X^AjFj restricts 
to the class of the symplectic form, that is to say i*{— ^ AjFj) = [a;]. Here 
i : M ^ Mt is an embedding of the fiber. It is known that the class of the 
symplectic form is equal to — ^ Aipi, where pi G H'^{M) is Poincare dual to 
the homology classes given by the preimages of the (n — l)-dimensional face 
Fi of the Delzant polytope under the moment map ||G| (Appendix 2). On 
the other hand, these classes are exactly equal to i*{Fi), which completes 
the proof. QED 



3.5 Specifying the setup to toric varieties 

Let M be a symplectic toric variety of dimension 2n and A denotes its 
Delzant polytope. Recall that the cohomology ring H*{Mt) is isomorphic 
to the face ring St{A). In this section, we give an explicit formula for fiber 
integration 

vr* : H*{Mt) = St{A) H*~^''{Bt) = M[Ti, ...,r„]. 

In fact, we give an algorithm which allows to compute fiber integrals of 
Chern classes (so also Pontriagin) of vertical bundle TMt- The algorithm 
requires only the data encoded in the Delzant polytope of M. 

We start with few observations. The first is that the Atiyah-Bott formula 
become in this case fairly simple, because the action has only isolated fixed 
points. Thus we have 

where i*pa and E{up) are thought as ordinary polynomials. 

Next we compute the explicit form of the homomorphism i*p : H*{Mx) — > 
H*{Bt) induced by the inclusion of the fixed point ip : P ^ M. Notice 
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that ip is completely defined by its restriction to H'^{Mt), by multiplica- 
tivity. We describe it in a matrix form with respect to the following bases: 
{Fi,F2,...,Fk} of H^{Mt) and {Ti, Tg, T^} of H'^{Bt). Recall that Fi 
denotes the i-th face of the Delzant polytope of M. 

Observe that i*p{F) = for any face F which does not contain the 
vertex corresponding to the fixed point P. This implies that the column 
corresponding to F consists of zeros. Moreover, since ip is a section of 
the universal bundle then we have that i*p ott* = Id. This two observations 
completely determine ip. Let's denote the entries of the matrix representing 
i*p by a^f , where Ip = {ii, in} is such that P = Fj^ n F-i^ n ... n Fi^. 



Proposition 3.5.1 With the above notation, the entries of the matrix rep- 
resenting i*p : H^{Mt) H^iBr) are given by the two following conditions 

1. 4; = 0, if j i Ip 

where ujk are the entries of the matrix representing vr* . 

QED 



Finally, recall that E{i'p) 



(1) = i*p{F,,Fi,...F,„) @, where 
if : H*{Bt) — > H*+'^"'{Mt) denotes the push-forward of ip. Thus this 
observation together with Proposition 3.5.1 make the Atiyah-Bott formula 
explicitly computable. 



4 The computations for symplectic toric varieties 
4.1 Rational ruled surfaces 

The rational cohomology ring of the classifying space of symplectomorphism 



group of a rational ruled surface is known due to |AM|. The aim of this sub- 
section is the "reality test" , that is to check how big part of the cohomology 
ring of 5Ham{M,a;) is generated by fiber integrals of characteristic classes. 

Let for < A; € Z and A € M be a symplectic toric variety, whose 
Delzant polytope is a quadrilateral with the following vertices: 



[S-;; ] for ^ odd, f^'OJ ] tor. even, 

nj-l '-111 I ^>-lantl or (ij.1 'll I i » and 
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2 




1 2 3 1 2 3 4 

Figure 1: Figure 2: 

The Delzant polytope of Mq 5 The Delzant polytope of Mf^ 



These manifolds are symplectic ruled surfaces which means that they are 
S^-bundles over 5^ and the symplectic form restricts to symplectic form 
on each fiber. Symplectic ruled surfaces (up to rescaling of the symplectic 
form) are symplectomorphic to either for some A > or for some 
A > — 1 [[LM1 |. More precisely, we rescale the symplectic forms such that the 



area of the fiber is equal to 1. Then the Delzant polytopes are rectangular 
trapezoids of height 1. Manifolds and are symplectomorphic if 
k = K modulo 2 and A = A. 

It follows from the above description that we have defined several Hamil- 
tonian torus action on a given symplectic ruled surface provided that A is 
large enough. For example, manifold ^ (Figure 2) is symplectomorphic to 
and Mf^. These are three different actions on one symplectic manifold. 

Proposition 4.1.1 Let M| for 1 + A > [|J be a symplectic ruled surface 
and H*{Bt) = R[x,y]. Then the fiber integrals of the characteristic classes 
are given by the following formulae. 

1. The monomials in the Chern classes and the coupling class: 

7r,(ci4i7') = ix + yy{xyy~^n[ + 

{x - yYi-xyy-^^'^ + 
{{k-l)x-y)\-x{kx-y)y-^n'^ + 
^{^-k-l)x + yr{x{kx-y)y-^nl 



where 



ni = ^ {{k^ + 3kX + 3\^)x + {k + 3X)y) 

^2 = 3^ I ((fe' + 3feA + 3X^)x - {2k + 3X)y) 

= ^^^((^''-3AV-(2A: + 3A)y) 

= —^—{-{2k^ + 6kX + 3X'^)x + {k + 3X)y) 
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2. The fiber integrals of Pontriagin classes are zero. 

3. The fiber integrals of monomials in the Pontriagin and Euler classes: 

((1 + k^)x'^ - 2kxy + y^y {{x{kx - y)y~^ + {-x{kx - y))-''^^) . 
Proof: This is a direct computation as described in Section |3.5[ QED 



Corollary 4.1.2 Let {M,uj) be a symplectic ruled surface. Then the follow- 
ing statements hold: 

1. If {M,io) is different from Ad^ and Af| for X G ( — 1,0], then the ra- 
tional cohomology ring of the classifying space of the group of sym- 
plectomorphisms is generated by fiber integrals of the monomial in the 
Chern classes and the coupling class. 

2. -ff^*(-BDi//(M)) 'is nontrivial for i = 1,2,3... 

Proof: (1) It is known due to Abreu and McDuff |AM], that 



H*{BHamiM,u.))=Q[A,X,Y]/ r., 

where deg{A) = 2, deg{X) = deg(Y) = 4. The relation is given by a 
polynomial depending on A and the diffeomorphism class of M. Using this 
result it suffices to check that the fiber integration is a surjection on the 
second and fourth cohomology. This can be done by a direct computation. 
Indeed, the above formula for the fiber integrals yields that vr!f (cf ) ^ and 
dimspan{F((7r*(cf))^, F(7r*(cir2^)), F(7r*(cfr2^))} = 3, where F denotes the 
detection function (Definition |3.1.lD . 

(2) The nontrivial elements are given by the fiber integrals of monomials 
in the Euler and Pontriagin classes. QED 

Remark 4.1.3 

1. The reason that the first part of the theorem does not hold in full 
generality is that the excluded manifolds don't admit more than one different 
actions of torus. 

2. Notice that if k ^ k' then the torus actions associated to k and k' are 
not conjugated in the group of all diffeomorphisms of M. If the actions were 
conjugate then they would induce equal maps between H* {Bj;)ijf(^M)) and 
H*{Bt). This follows from the fact that any conjugation induces an identity 



map on the cohomology of the classifying spaces (see [3e|). Hence the fiber 



integrals of the powers of the Euler class would be equal for different actions. 



This is a contradiction with the formula in Proposition 4.1.1 (3). 

In fact, this can be easily seen directly by looking at the representations 
on the tangent spaces of the fixed points as was pointed to us by P.Seidel. 
This remark also applies to subsequent examples. 
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4.2 Cp2tt2CP^ 



Our next example consists of the actions on the symplectic manifold dif- 
feomorphic to CP^tl2CP . The cohomology ring of the classifying space of 
symplectomorphism group is not known in this case. Our computations 
provide estimates from below for its Betti numbers. 

Let G K and /c G Z be such that > and < < [|] . Let M^^k be 
a family of symplectic toric varieties whose Delzant polytopes are presented 
on the Figure 2. 
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1 I/ + 1-2A: v + \ i/+l + 2(A: + l) 

Figure 2: 

The Delzant polytope for a torus action on CP^(j2CP 



Clearly, My^^ are symplectomorphic for fixed v and < /c < [^] . Indeed, 
My^k are the symplectic blow-ups of ruled surfaces M'^^^ of the previous 
example. Regarding as symplectic manifold they will be denoted by My. 



According to Proposition 3.4.2 we get that the Chern classes of the 
vertical bundle correspond to edges and vertices and are of the form 

ci=Fi + ... + F5 and C2 = F1F2 + F2F3 + ... + F5F1. 

The direct computation gives the following form of the coupling class 



1 



3(7 + 4z.) 



(15 - 8A: + 12i/)Fl + 

(25 + 8/c + + 24i/ + 6z^2)F2 + 
(31 + 16A; + S/c^ + 24z^ + 6z/2)F3 + 
(27 + 8/c + 12z^)F4 + 
(23 + 12A; + S/c^ + 21z^ + ^v^)Fh). 
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Proposition 4.2.1 Let My^^ be as above and H*{Bt) = R[x,y]. Then 
the fiber integrals of the characteristic classes are given by the following 
formulae. 

1. Monomials in the Chern classes and the coupling class: 

x\-y{x + y)y~^Q'2 + 

{-yy{-x{x + y)y~'n',+ 

{2kx - yyi-x{{2k + i)x - y)y-^n[ + 

{-{2k + 2)x - yy{-x{-{2k + l)x + yy~^nl 

where 

ni = I ((25 + 8fc + 8fc^ + 2Au + 6u^)x + (15 - 8A: + 12u)y) 

^2 = I ((25 + 8A; + 8fc^ + 2^u + 6z^^)x + (-6 - Sk)y) 

0,2, = ^^^^^^^ ((4 + 8A: + 8A;2 + I2v + Qv'^)x + (-27 - 8/c - I2u)y) 

9.^ = ((4 + 50A; + ^k"^ + 24ku - 6iy^)x + (-27 - 8A: - I2u)y) 

3(7 + 4u) 

= 3^^^^^^ ((-38 - 34A; + 8^^ - 33z^ - 24ku - 6u^)x + (15 - 8A; + 12z^)y) . 

2. Monomials in the Pontriagin classes: 

n4p\pi) = -[{xVy{x'' + y^y] - 

xy 

, [y{x\x + yfy{2x^ + 2xy + yy+ 
xy{x + y) '- 

x{y^{x + yfy{x^ + 2xy + 2y^y] , 

3. Powers of the Euler class: 

TT,{eu') = {-x{{2k + l)x-y)y~^ + {x{{2k + l)x-y)y~^ + 
{xyy-^ + {-x{x + y)y-^ + {-y{x + y))^"^ 

4-. Monomials in the Euler and Pontriagin classes: 

■K^{p\eu^)= {xyy~^{x^ + y'^y + 

{-x{x + y)y-^{2x^ + 2xy + y"^)' + 
{-y{x + y)y~Hx^ + 2y{x + y))* + 

{x{x + 2kx - y)y-^{-2x{x + 2kx - y) + (-2(1 + /c)x + yff + 
{-x{x + 2kx - y)y~^{{2 + 4/c + 4A:2)x2 + - 2x(2/ + 2/cy))\ 
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QED 



Corollary 4.2.2 Let {M,uj) = be as above. The following statements 
are true: 

1. Ifu> 2, then dim H'^{BHam{M,u)) > 4, 

2. 7/0 < < 2, then dim H\Bh^^^m,cu)) > 2, 

3. dim7r^(i?£)jjj(j;^)) > 2. Moreover H'^''{B^ijj-(^j^.j-^) is nontrivial for 
k = 1,2,.... 

Proof: The first two statements follows from the direct application of the 
detection function. The assumption on i' in the first one ensures that there 
are at least two different actions, which contributes to the detection function. 
Notice that the first estimate is the best we can get. Indeed, we integrate 
the following classes: fi^, il^ci, fic^, cf, C2^, C2C\. 7r*(r2'^) = from the 
definition and '/r*(c2Ci) = according to the T-strict multiplicativity of the 
Todd genus. 

To get the last statement we integrate and pieu. This fiber integrals 
are linearly independent in i7^(i?£,jjj(jv/)). Also Tr^:{p\eu) ^ which implies 
that H^^{BDiff(^M)) is nontrivial for k = 1,2, .... 

QED 

4.3 Dimension 6: projectivizations of complex bundles 

Let Lfc — > CP"*^ be a line bundle with ci(Lfc) = k. Let 1 < € M be greater 
than k and I. Consider a symplectic toric variety M^^k,i '■= ^{Lk © © ^o), 
which is the projectivization of complex bundle and whose Delzant polytope 
looks as in the following figure. 
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Figure 3 
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The Delzant polytope for M^^^^i 



Lemma 4.3.1 Two symplectic toric varieties M^^^.^i and M^i^y^ii are sym- 
plectomorphic provided that 

1. k + l^k' + 1' {mod 3) and 

2. 3fi- (k + l) = 3^'- {k' + 1'). 

Proof: First observe that any of the above manifolds is the total space of a 
symplectic bundle CP^ —>■ M S'^, whose structure group is PU{3). Since 
7ri{PU{3)) = Z3, then it is clear that M^^^^i and M^^i^i^i^ii are isomorphic 
(as symplectic bundles) \i k + 1 = k' + 1' (mod 3). Moreover, the symplectic 
structures on these manifolds are of the form Q.+K'K*[ijjg2)^ where Vl denotes 
the coupling form and vr : M ^ is the projection. One can see easily 
that K = ii-\{k + l) ioT M^^k,i- 

Let Mq and Mi be two such isomorphic bundles and H : x [0, 1] — > 
PU{3) be a chosen homotopy between loops defining Mq and Mi. By the 
usual Thurston argument, there exist a number if € M such that uj^ := fi^ + 
i^TTj (^52) is a symplectic form on each Mj. Notice that cot is an isotopy of 
symplectic form which does not change the cohomology class, hence it follows 
from Moser's argument that {Mq,loo) and (Mi,lji) are symplectomorphic. 

QED 

Remark 4.3.2 A detailed discussion of the coupling parameter K as well 



as exact computations for certain bundles was done by Polterovich in |Pol|] 



Thus the symplectomorphism type depends only on /x and on A := 
(k + l)3'Ii G Z/3Z. We denote it by M^^\. The explicit formulae of fiber inte- 
grals are quite complicated, so we do not present them. As in the previous 
examples, they allow to estimate the dimension of cohomology groups. 

Proposition 4.3.3 Let (M, lo) = M^^a be as above. Then 

1. dim H'^{BHam{M,u;)) > 1; 

2. dimH^{Bfja^(^]^,j^_j-^) > 8, provided that {M,uj) admits at least two dif- 
ferent Hamiltonian actions ofT^. 

3. -ff^^(i?£)jjj(A/)) is nontrivial for = 1, 2, .... 

QED 
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5 Restrictions comming from multiplicativity of 
genera 

When computing fiber integrals one observes many more linear dependencies 
between them than we a priori expected. This is due to multiplicativity 
properties of certain genera. Recall that a genus is a ring homomorphism 

K -.n^Q^ R, 

where f] is a cobordism ring and R is an integral domain over Q. Since 
we are working in the symplectic category then in the sequel 57 will denote 
the complex cobordism ring. Every genus is defined for a stable complex 
manifold M by a multiplicative sequence K := {Kr}, Kr £ R[ 
follows. Given a complex vector bundle E of rank n 

K{E) := K{ci{E),...,Cn{E)) := I + Ki{ci{E)) + K2{ci{E),C2{E)) + ... 
and 

K{M) := {K{TM); [M]) € R. 
5.1 G-strict multiplicativity 

Let G be a group. Multiplicative sequence K is said to be G-strictly multi- 
plicative or G-sm for short if 

7t,{K{TMg))gH''{Bg) 

for every manifold M on which G acts. Here vr : Mq Bq is the universal 
fibration associated to the action and TMq Mq is the complex vector 
bundle tangent to fibers. In other words, G-strict multiplicativity says that 
any fiber integral 'K^{Kr{ci{T Mq) , CriTMc))) = for r 7^ dim A/. Hence 
for r > dimM we obtain relations in H*{Bg) between fiber integrals of 
characteristic classes. 

The name multiplicativity is justified by the following fact. 

Proposition 5.1.1 Let M ^ P ^ B be a G-hundle over a compact stably 
complex base. Then P admits a stable complex structure. If K is a G-strict 
multiplicative sequence then 

K{P) = K{M)K{B). 

Proof: Since G-strict multiplicativity is a property of the universal fibration 
then it holds for every G-fibration. Hence we have that 
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■K^{K{Vert)) £ H^{B), 

where Vert — > P is the bundle tangent to the fibers of vr : P — > The 
statement follows from the following computation. 



K{P) = {K{TPy, [P]) = {KiVert © ■k*TB)- [P]) 
= {K{Vert)K{Tr*TB); [P]) 
= (TT^KiVert) U ■k*K{TB)]- [B\) 
= {■K^K{Vert)yjK{TB)-[B]) 
= {K{TM); [M]) {KiTB); [B\) = K{M)K{B) 

QED 

Notice that if a multiplicative sequence K is S^-sm then it is also G- 
sm for any compact Lie group G |Och]. Indeed, H*{Bg) is a subalgebra 



in H*{Bt) where T C G is a maximal torus. For any polynomial p E 
K[ti,...,t„] = H*{Bt) = R[t] of degree k (i.e. p £ H'^^{Bt)) there exists 
a homomorphism f : ^ T such that H'^^{Bf){p) ^ 0. To see this, 
notice that any such map is determined by n integers, say [fci, and 
H'^^{B f){p) = p{ki, ...,kn)t^. Thus if K were not G-sm for some manifold 
M then it would be not 5^-sm. 

5.2 G-strict multiplicativity of Xj^-genus 

Recall that Xy ■ ^ ®Q ^ Qiu] is a genus whose value on a Kahler manifold 
is given by 

Xy{M) := ^(-1)%^^^, 

P.9 



where h'P''^ are the Hodge numbers HBJ |. 



Theorem 5.2.1 Xy-Q^f^'U'S is G-strictly multiplicative for every compact Lie 
group G. 



Proof: According to the observation in the previous subsection, it is suf- 
ficient to prove strict multiplicativity for S^. This is equivalent to the fact 
that Xi/-geiius is multiplicative for any fibration M ^ P ^ CP^, that is 

XyiP) = Xy{M)Xy{CV''). 

We compute XyiP) with the use of the localization formula for circle 
action. The formula due to Kosniowski and Lusztig allows to compute the 
genus in terms of the genera of the fixed points: 
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m 

Here Fi is the component of the fixed point set and Sj := dimy>o the 
dimension of the subspace of the tangent space to any point of Fi on which 
the circle acts positively {z ■ v = z'^v, where A; > 0). 

We start with defining a circle action on P. Let a : ^ Aut{M) be 
a given action on M preserving the stable complex structure. Moreover let 
/? : 51 ^ Aut{CF^) be an action given by /3{t)[zo : ... : Zk] = [t'°-So : ••• : t^'^^k] 
with isolated fixed points. We use the same notation for the action lifted to 
^2fc+i^ The bundle P is associated to the principal bundle 5^^^+^ CP'^, 
i.e. 

p ■= 52fe+i M, 

where {z,x) ~ {zi,xi) iff zi = sz and xi = a(s~^)(x), for s € S"^. 
We define an action cj) : S"^ ^ Aut{P) by 

<p{t)[^,A = mm.c^{t){x)]. 

Clearly, this action is well defined since is commutative. Further, fixed 
points lie in the fibers over the fixed points of j3. When restricted to the 
fixed fiber, the fixed points of <j) are those of a. More precisely, let Fj 
denote a path component of the fixed point set of a. Denote by Fij the j-ih. 
component of the fixed point det of (j) lying in the fiber over the i-th fixed 
point of 13. Clearly, Fij ^ Fj. 

We need to figure out the dimension sij of the subspace of the tangent 
space to any fixed point x € Fij on which the circle acts positively. Notice 
that the infinitesimal action in the direction normal to the fiber is the same 
as infinitesimal action induced by (3 on the tangent space to the fixed point 
in CP*'. Thus Sij = Si + Sj, where Si {sj respectively) denote the appropriate 
dimension with respect to the action /3 (a respectively). 

Now, plugging the above observations into the localization formula we 
get the statement as follows. 
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fc+1 



Xy{P) 



i=l j 



fc+1 



i=l j 




) 



Xy{M)Xy (CF^). 



QED 



Corollary 5.2.2 The Todd genus and the signature is G-sm for any com- 
pact Lie group. 

Proof: The Todd genus is equal to Xj/-genus for y = and the signature 
for y = 1. 



It would be very interesting to know to what extent strict multiplicativ- 
ity is true. For example, the signature is Ham{M, a;)-sm, since the group 
Ham{M,uj) of Hamiltonian symplectomorphisms is connected. These con- 
siderations motivate for the following 

Question: Is the Todd (or Xy~) genus iif am(M, t(;)-strictly multiplicative 
for any compact symplectic manifold? 

Example 5.2.3 (The Todd genus is not 5ymp— strictly multiplicative.) 

Let S/i ^ M — > be a symplectic surface bundle over surface with nonzero 
signature, a{M) / [Q. 



3a{M) = {pi{TM), [M]) = {ci{TMf - 2c2{TM), [M]) 

= {ciiVert e ^*rSg)2, [M]) - 2 {c2{Vert vr^TSg), [M]) 

= (ciiVertf + 2ci{Vert)TT*ci{T^g), [M]) - 2 {ci{Vert)TT*ci{TEg), [M]) 

= {ici{Vertf),[M]) 

= {7r,iciiVertf),[^g])^0 



Since the Todd polynomial T2{ci, C2) = j^(cf + C2), then the Todd genus is 
not strictly multiplicative in this case. In this example signature measures 
the defect of strict multiplicativity. 



QED 
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